We study the essential dimension and linkage properties of sets of Pfister forms and symbol p-algebras. We prove that the essential dimension of m-tuples of quadratic nfold Pfister forms over fields of characteristic 2 is m(n − 1) + 1, and that the essential dimension of a pair of non-isometric anisotropic n-fold quadratic Pfister forms ϕ 1 and ϕ 2 is n if and only if ϕ 1 = ψ⊗ α and ϕ 1 = ψ⊗ β for some α, β ∈ F and ψ⊗ α, β = 0. We also prove that the essential 3-dimension of a pair of symbol p-algebras of degree 3 is 2 if and only if they become inseparably linked under a prime-to-3 extension, that three inseparably linked symbol p-algebras of degree p over a p-special field F of char(F) = p are also separably linked, and that there exists a quadruple of quaternion algebras of essential dimension 2 which are neither separably nor inseparably linked.
Introduction
We examine two functors: PF n 1 ,...,n m : Fields k → Sets sending each field F containing k to the set of m-tuples (ϕ 1 , . . . , ϕ m ) where each ϕ i is a quadratic n i -fold Pfister form over a field F, and its subfunctor LPF n 1 ,...,n m : Fields k → Sets where all the forms in the m-tuple share a common separable slot, given an algebraically closed field k. The main results are that the essential dimension of LPF n 1 ,...,n m is n 1 + · · · + n m − m + 1, and that a pair of n-fold Pfister forms (ϕ 1 , ϕ 2 ) ∈ PF n,n is of essential dimension n if and only if ϕ 1 = β 1 ⊗ ρ and ϕ 2 = β 2 ⊗ ρ for a common (n − 1)-fold factor ρ and β 1 , β 2 ⊗ ρ = 0. We also study the case of pairs of symbol p-algebras of degree 3. The first result is motivated by the study of essential dimension of sums of m symbols in H n 2 when char(k) = 2. It was bounded from above in [14] by m(n − 1) + 1 using the fact that the essential dimension of (Z/2Z) m over characteristic 2 fields is 1 (see [13] ), and from below by m + n − 1 using an inductive argument. For n 1 = · · · = n m = n, each m-tuple (ϕ 1 , . . . , ϕ m ) in LPF n 1 ,...,n m (F) is mapped to the sum of symbols [ϕ 1 ] + [ϕ 2 ] + · · · + [ϕ n ] in H n 2 (F), given that H n 2 (F) I n q F/I n+1 q F by [11] , so insights about the essential dimension of LPF n 1 ,...,n m may shed light on the essential dimension of sums of m symbols in H n 2 , or at least give a reason to believe that m(n − 1) + 1 is indeed the precise value.
In addition to the above, we study two related problems: the first is proving that (ϕ 1 , ϕ 2 , ϕ 3 , ϕ 4 ) ∈ PF 2,2,2,2 (F) having essential dimension 2 does not imply the forms are separably or inseparably 1-linked, and the second is proving that when F is p-special and char(F) = p, if three symbol p-algebras of degree p over F are inseparably linked then they are also separably linked.
Preliminaries

Essential Dimension
Given a field k and a functor F : Fields k → Sets, the essential dimension of an object x ∈ F (F), denoted ed F (x), is the minimum transcendence degree of any field E with k ⊆ E ⊆ F to which x descends, i.e., there exists y ∈ F (E) such that y F = x. The essential dimension of the functor, denoted ed(F ), is the supremum on the essential dimension of all x ∈ F (F) for all F ∈ Fields k .
Quadratic Pfister Forms
The ring of Witt classes of symmetric bilinear forms is denoted by WF. Its fundamental ideal IF of even-dimensional forms is generated by scalar multiples of bilinear 1-fold Pfister forms β = 1, −β . Its powers I n F are generated by scalar multiples of bilinear n-fold Pfister forms β 1 , . . . , β n = β 1 ⊗ · · · ⊗ β n . By [16] and [11] , I n F/I n+1 F K n F/2K n F, where the latter stands for the nth Milnor K-group, which is the group of formal sums of symbols {β 1 , . . . , β n } subject to the relations
The isomorphism maps each symbol {β 1 , . . . , β n } to β 1 , . . . , β n . When char(F) 2, symmetric bilinear forms correspond to quadratic forms, and we also have the isomorphism K n F/2K n F H n (F, µ ⊗n 2 ) given by {β 1 , . . . , β n } → (β 1 ) ∪ · · · ∪ (β n ). The group of Witt classes of (even-dimensional) nonsingular quadratic forms over F is denoted by I q F and is generated by quadratic 1-fold Pfister forms α]] = [1, α] = u 2 + uv + αv 2 . When char(F) = 2, this group can be quite different form IF, but it is nonetheless a WF-module, and has an induced filtration
given by I n q F = I n−1 F ⊗ I q F. The subgroup I n q F is therefore generated by scalar multiples of n-fold Pfister forms β 1 , . . . , β n−1 , α]] = β 1 , . . . , β n−1 ⊗ α]].
Recall that PF n 1 ,...,n m is the functor sending any field F containing k to the set of m-tuples (ϕ 1 , . . . , ϕ m ) where each ϕ i is an n i -fold quadratic Pfister form over F. Write BPF n 1 ,...,n m for the analogous functor for bilinear forms (which coincides with the former when char(k) 2). We say that an m-tuple (ϕ 1 , . . . , ϕ m ) ∈ PF n 1 ,...,n m (F) is separably t-linked if there exist a t-fold Pfister form ρ and (B 1 , . . . , B n ) ∈ BPF n 1 −t,...,n m −t (F) such that ϕ i = B i ⊗ ρ for each i ∈ {1, . . . , m}. We say that (ϕ 1 , . . . , ϕ m ) is inseparably t-linked if there exist a bilinear t-fold Pfister form B and (ρ 1 , . . . , ρ m ) ∈ PF n 1 −t,...,n m −t (F) such that ϕ i = B ⊗ ρ i for each i ∈ {1, . . . , m}. We denote by LPF n 1 ,...,n m the functor sending any field F containing k to the set of all separably 1-linked m-tuples (ϕ 1 , . . . , ϕ m ) in PF n 1 ,...,n m (F). We define LBPF n 1 ,...,n m in a similar way for bilinear forms.
Symbol p-Algebras
When char(F) = p, the group p Br(F) is generated by symbol p-algebras of degree p by a result of Teichmüller, which are algebras of the form
for some α ∈ F and β ∈ F × (see [10, Section 9] ). Both these algebras and quadratic and symmetric bilinear forms over fields F of char(F) = 2 are captured by Kato-Milne cohomology: let Ω n F be the additive group of n-fold absolute differential forms over F, and ℘ : Ω n F → Ω n F /(dΩ n−1 F ) the map defined by
Then H n+1 p (F) is defined to be the cokernel of this map, and ν(n) F is Ω n F / ker(℘). The group ν(n) F is isomorphic to K n F/pK n F by dlog β 1 ∧ · · · ∧ dlog β n → {β 1 , . . . , β n }, and for p = 2 also to I n F/I n+1 F by dlog β 1 ∧ · · · ∧ dlog β n → β 1 , . . . , β n . The group H n+1 p (F) is isomorphic to I n+1 q (F)/I n+2 q (F) when p = 2 by α dlog β 1 ∧ · · · ∧ dlog β n → β 1 , . . . , β n , α]], and to p Br(F) when n = 1 by α dlog β → [α, β) p,F . We say that m degree p symbol p-algebras A 1 , . . . , A m are cyclically linked if there exists a cyclic degree p field extension K = F[℘ −1 (α)] = F[λ : λ p − λ = α] that embeds into all these algebras, in which case they can be written as A i = [α, β i ) p,F for some β i ∈ F × . We say they inseparably linked if there exists a purely inseparable degree p extension K = F[ p √ β] of F that embeds into all these algebras, in which case they can be written
Bilinear Pfister Forms
Let k be an algebraically closed field of arbitrary characteristic.
Remark 3.1. The essential dimension of both BPF n and PF n is n, and PF n = LPF n .
Proof. The facts PF n = LPF n and ed(BPF n ), ed(PF n ) n are trivial. In order to prove that ed(BPF n ), ed(PF n ) n it is enough to note that if a bilinear or quadratic n-fold Pfister form descends to a field of transcendence degree t over k strictly smaller than n then this field is a C t -field, and in particular every quadratic form of dimension greater than 2 t is isotropic, which means that the n-Pfister form is isotropic. However, anisotropic bilinear and quadratic Pfister forms clearly exist, such as the generic ones, and so their essential dimension is at least n. Corollary 3.2. The essential dimension of BPF n 1 ,...,n m is n 1 + · · · + n k .
Proof. Clearly ed(BPF n 1 ,...,n m ) n 1 + · · · + n m . Take the generic m-tuple (B 1 , . . . , B m ) in BPF n 1 ,...,n m , i.e. F = k(β i, j : 1 i m, 1 j n i ) and B i = β i,1 , . . . , β i,n i over F. Then the tensor product B 1 ⊗ · · · ⊗ B m is the generic element in BPF n 1 +···+n m , and so of essential dimension at least n 1 + · · · + n m .
Invariant for m-tuples of linked quadratic Pfister forms
Lemma 4.1. Consider an anisotropic quadratic (or bilinear) n-fold Pfister form ϕ with quadratic (bilinear, resp.) 1-fold factors ρ 1 and ρ 2 . Then there exist a bilinear (n − 1)-fold Pfister form ψ such that
Proof. When the forms are quadratic and char(F) = 2, write ρ
, which means we can take
Proposition 4.2. Let (ϕ 1 , . . . , ϕ m ) ∈ LPF n 1 ,...,n m (F) or (LBPF n 1 ,...,n m (F)). Let ρ be a common quadratic (bilinear, resp.) 1-fold factor of these forms and write
Proof. Since π(ϕ 1 , ϕ 2 , . . . , ϕ m ) = π(π(ϕ 1 , ϕ 2 , . . . , ϕ n−1 ), ϕ n ), it suffices to prove the statement for m = 2 and then it follows by induction. Suppose that ϕ 1 and ϕ 2 have another common quadratic (or bilinear) 1-fold factor φ and write ϕ 1 = τ 1 ⊗ φ and ϕ 2 = τ 2 ⊗ φ. Then, by Lemma 4.1 there exist ψ 1 and ψ 2 such that
Theorem 4.3. The essential dimension of LPF n 1 ,...,n m and LBPF n 1 ,...,n m is n 1 + · · · + n m − m + 1.
Proof. Clearly it is bounded from above by n 1 + · · · + n m − m + 1. Consider the generic element in LPF n 1 ,...,n m (or LBPF n 1 ,...,n m ), i.e., the m-tuple
Then π(ϕ 1 , . . . , ϕ m ) is the generic element in PF n 1 +···+n m −m+1 (or BPF n 1 +···+n m −m+1 ), whose essential dimension is exactly n 1 + · · ·+ n m − m + 1. Therefore, the essential dimension of (ϕ 1 , . . . , ϕ m ) is at least n 1 + · · · + n m − m + 1.
Linkage by an (n − 1)-fold Factor
Recall that when ϕ 1 and ϕ 2 are quadratic n-fold Pfister forms with a common quadratic (n − 1)-fold factor ρ, one can write ϕ 1 = β 1 ⊗ ρ and ϕ 1 = β 2 ⊗ ρ, and then Σ ϕ 1 ,ϕ 2 defined to be the Witt class of [6] ). This invariant can be similarly defined for symmetric bilinear forms. The main result of this section is that this invariant detects exactly when a pair of such forms has essential dimension n.
Proposition 5.1. When k is algebraically closed and char(k) = 2, if (ϕ 1 , . . . , ϕ m ) ∈ PF n,...,n (F) are anisotropic and inseparably (n−1)-linked then their essential dimension is n.
Proof. There exists α 1 , . . . , α m , β 1 , . . . , β n−1 ∈ F such that ϕ i = β 1 , . . . , β n−1 , α i ]]. Since (Z/2Z) ×m is of essential dimension 1, all the separable extensions F[λ i : λ 2 i +λ i = α i ]/F descend to separable extensions of one field E 0 of transcendence degree 1 over k, and then the m-tuple (ϕ 1 , . . . , ϕ m ) descends to E 0 (β 1 , . . . , β n−1 ) which is of transcendence degree n over k.
The converse of this statement for arbitrary m is false in general.
Example 5.2. By [5] , there exists an m-tuple (ϕ 1 , . . . , ϕ m ) ∈ PF n,...,n (F) for m = 2 n − 1 of anisotropic Pfister forms over the function field field F = k(x 1 , . . . , x n ) in n algebraically independent variables over algebraically closed k of char(k) = 2 which is not inseparably 1-linked, and therefore not inseparably (n − 1)-linked either. Corollary 5.4. The following conditions are equivalent for two given nonisomorphic anisotropic forms (ϕ 1 , ϕ 2 ) ∈ PF n,n (F) or BPF n,n (F):
1. They are separably (n − 1)-linked and Σ ϕ 1 ,ϕ 2 = 0. 2. The essential dimension of (ϕ 1 , ϕ 2 ) in PF n,n (F) is n.
And when they are in PF n,n (F) and char(k) = 2, also 3. They are inseparably (n − 1)-linked.
Proof. The fact that (1) and (3) are equivalent when they are in PF n,n (F) and char(k) = 2 was proven in [6] . If the essential dimension of (ϕ 1 , ϕ 2 ) in PF n,n or BPF n,n is n then they descend to a field E of transcendence degree n over k, so E is a C n -field, and in particular u(E) 2 n (or rank 2 (E) n). Therefore, every two quadratic (or bilinear) n-fold Pfister forms over E are (n − 1)-linked, and Σ ϕ 1 ,ϕ 2 also descends to that field, but since it is represented by an (n + 1)-fold Pfister, it is a trivial Witt class. This means (2) implies (1). The implication (1) ⇒ (2) is a special case of Theorem 5.3.
Proposition 5.5. For any algebraically closed field k of char(k) = 2 and n 3, if the triple (ϕ 1 , ϕ 2 , ϕ 3 ) in PF n,n,n (F) is of essential dimension n then the forms are separably (n − 1)-linked. For n = 2, if the triple (ϕ 1 , ϕ 2 , ϕ 3 ) in PF n,n,n (F) is of essential dimension n then the forms are either separably or inseparably 1-linked.
Proof. If the essential dimension is n then the forms descend to a C n -field, over which every three such forms are separably (n − 1)-linked by [5] . For n = 2, the forms are either separably or inseparably 1-linked by the same argument as in [5, Proposition 4.7] .
The difference between the case of n = 2 and of n 3 is that in the former we do not know if inseparable 1-linkage for triples of quadratic 2-fold Pfister forms implies separable 1-linkage. A partial answer can be found in Section 8.
The forms described in Example 5.2 are not separably (n − 1)-linked when n 3 either, which shows that Proposition 5.5 cannot be extended to arbitrary m-tuples. In Section 7 we provide an example of a quadruple of quadratic 2-fold Pfister forms of essential dimension 2 which are neither separably nor inseparably 1-linked, showing that also for n = 2, Proposition 5.5 cannot be extended to arbitrary m-tuples.
Proposition 5.6. For any algebraically closed field k, if the triple (ϕ 1 , ϕ 2 , ϕ 3 ) in BPF n,n,n (F) is of essential dimension n then the forms are (n − 1)-linked.
Proof. If the essential dimension is n then the forms descend to a C n -field, over which every three such forms are (n − 1)-linked by [5] and [1] .
This fact does not extend to m-tuples for m 4 in general.
Example 5.7. In [8] and [5] examples of m-tuples (ϕ 1 , . . . , ϕ m ) ∈ BPF n,...,n (F) with m = 2 n , F = k(x 1 , . . . , x n ) being the function field in n algebraically independent variables over k (of char(k) = 0 or 2) which are not (n − 1)-linked were constructed.
Pairs of separably (n − 1)-linked Pfister forms (ϕ 1 , ϕ 2 ) ∈ PF n,n (F) or BPF n,...,n (F) with nontrivial Σ ϕ 1 ,ϕ 2 can be easily constructed, e.g., ϕ 1 = α 1 , β 1 , . . . , β n−1 ]] and ϕ 2 = α 2 , β 1 , . . . , β n−1 ]] or ϕ 1 = α 1 , β 1 , . . . , β n−1 and ϕ 2 = α 2 , β 1 , . . . , β n−1 over the function field F = k(α 1 , α 2 , β 1 , . . . , β n−1 ) in n + 1 algebraically independent variables over k. Therefore, the essential dimension of the pair is not n but rather n + 1.
If (ϕ 1 , ϕ 2 ) ∈ PF n,n (F) or BPF n,n (F) is of essential dimension n + 1, does it necessarily mean they are separably (n − 1)-linked? The answer is no:
Example 5.8. For forms (ϕ 1 , ϕ 2 ) ∈ PF n,n (F) when char(k) = 2 one can take α 4 , . . . , α n , α 1 , α −1 2 ]] and α 4 , . . . , α n , α 2 , α −1 3 ]] over F = k(α 1 , . . . , α n ) which are not separably (n −1)-linked by [2, Theorem 4.2] . For (ϕ 1 , ϕ 2 ) ∈ BPF n,n (F) and char(k) = 2, α 1 , α 2 , α 4 , . . . , α n and α 2 +1, α 3 , α 4 , . . . , α n which are not (n−1)-linked by [2, Theorem 4.3]. For similar arguments to those in [8] , we see that also when k = C, the same forms α 1 , α 2 , α 4 , . . . , α n and α 2 + 1, α 3 , α 4 , . . . , α n are not (n − 1)-linked either, which provides examples in characteristic not 2.
Symbol p-Algebras of Degree 3
Let k be an algebraically closed field of char(k) = 3 and Sym 3,3 : Fields /k → Sets be the functor mapping any field F containing k to the set of pairs of symbol p-algebras of degree 3 over F. Recall that ed (A 1 , A 2 ; 3) is the minimal essential dimension of ed(A 1 ⊗ L, A 2 ⊗ L) where L ranges over all prime-to-3 extensions L/F. Note that division algebras of degree 3 cannot descend to a field of transcendence degree less than 2, so ed(A 1 , A 2 ) 2 for any pair of division algebras (A 1 , A 2 ) ∈ Sym 3,3 (F). Remark 6.1. If F is a C 2 -field and finitely generated over k, then it admits nontrivial quadratic extensions, which means it admits a normic quadratic form, and therefore also a normic quartic form. It is an easy consequence of the results of [12] that every two cyclic algebras of degree 3 over F share a common maximal subfield. This maximal subfield is either inseparable or separable. The separable common maximal subfield is either cyclic or becomes cyclic under a quadratic field extension. Theorem 6.2. Given an algebraically closed field k of char(k) = 3, the following are equivalent for a pair (A 1 , A 2 ) ∈ Sym 3,3 (F) of division algebras of degree 3 over F containing k:
• They become inseparably linked after a prime to 3 extension.
Proof. If ed(A 1 , A 2 ; 3) = 2 then A 1 ⊗ L and A 2 ⊗ L descend to a field E of transcendence degree 2 over k. The resulting algebras share a common maximal subfield. This subfield is either inseparable or separable. If it is inseparable, then A 1 ⊗ L and A 2 ⊗ L are inseparably linked. Suppose it is separable. Then A 1 ⊗ K and A 2 ⊗ K are separably linked for K which is either E or a quadratic extension of E. The transcendence degree of K over k is 2, which means that A 1 ⊗ M and A 2 ⊗ M are inseparably linked for M which is either K or a quadratic extension of K by [3] . Consequently, A 1 ⊗ L ⊗ M and A 2 ⊗ L ⊗ M are inseparably linked.
In the opposite direction, if the algebras become inseparably linked under restriction to a prime-to-3 extension L of F, then by [13] the algebras A 1 ⊗ L and A 2 ⊗ L descend to a field of transcendence degree 2 over k, and so ed(A 1 , A 2 ; 3) = 2. Proof. It cannot be greater than 3 because of [13] . If it were 2 then every pair of cyclic algebras would become inseparably linked under a prime-to-3 extension. However, for A 1 = [α 1 , β 1 ) and A 2 = [α 2 , β 2 ) over F = k(α 1 , α 2 , β 1 , β 2 ), A 1 ⊗ A 2 remains a division algebra under prime-to-3 extensions.
The last corollary can also be obtained from [14] , but the argument here is simpler.
Triples of Nonlinked Quaternion Algebras of Essential Dimension 2
Let k be a field of char(k) = 2, n an integer with n 2, F 0 = k(α 1 , . . . , α n ) and F = k((α 1 )) . . . ((α n ) ). Both fields are endowed with the right-to-left (α 1 , . . . , α n )-adic valuation which we denote by v.
Consider the following set of quadratic n-fold Pfister forms taken from [5] : write I = {0, 1} ×n , 0 = (0, . . . , 0), d = (d 1 , . . . , d n 
where ℓ is the minimal integer in {1, . . . , n} for which d ℓ 0. We will show that the forms {ϕ d : d ∈ I \ {0}} ∪ {φ} do not have a common inseparable quadratic splitting field where φ = α 1 , . . . , α n−1 , α −2 1 α −1 2 . . . α −1 n ]]. These forms are defined both over F 0 and over F.
] be a t-fold Pfister form over F. Assume the values β 1 , . . . , β t−1 , γ modulo 2 are F 2 -independent and that v(γ) < 0. In particular it means ϕ is anisotropic (see [6, Lemma 10.1] ). This form decomposes as ϕ = ψ ⊥ [1, γ] , and its underlying vector space decomposes accordingly as
The elements λ that f ϕ represents correspond to the quadratic 1-fold Pfister factors λ]] of ϕ. We define the extension of the valuation v from F to the quadratic space (V ϕ , ϕ) by v(v) = 1 2 v(ϕ(v)). Following [9] and [15] , we define w(ϕ) to be min{v( 1. The value 2w(ϕ) is the negative of the maximal value of an element represented by f ϕ in the notation above.
In fact, 2w(ϕ) is the negative of the maximal value of an element represented by
Proof. If Tr(v) = 0 then v(Tr(v)) = ∞, and therefore the minimum of v(Tr(v)) − v(v) is not obtained for elements of trace zero. Now, since for every
, the minimum is obtained for an element of trace 1. The elements represented by f ϕ are ϕ(v) of the elements v of trace 1, and so the first statement follows.
Since f ϕ (v ⊕ a) = ψ(v) + a 2 + a + α and the values β 1 , . . . , β t−1 , α modulo 2 are F 2 -independent and that v(α) < 0, the value of f ϕ (v ⊕ a) is minimum of v(ψ(v)), v(a 2 ) and v(α), and the value of a) ). Therefore, the maximal value of an element represented by f ϕ is the same as the maximal value of an element represented by h ϕ . 1. Note that this definition applies for any t, including t = n and t = 1. Clearly, if ρ is a quadratic t-fold Pfister factor of a quadratic n-fold Pfister form ϕ, then w(ρ) w(ϕ). 2. For t = 1, ϕ is the norm form of the quadratic separable extension K = F[℘ −1 (α)] and for t = 2, ϕ is the norm form of the quaternion algebra D = [α, β) 2,F , and in those cases, w(ϕ) coincides with w(K) or W(D) as defined in [15] . 
For each such element, its value is either v(α d ) or v(ψ(v)), because the class of these two values modulo 2 are F 2 -independent. Let ρ be a quadratic 1-fold Pfister factor of ϕ. Then there exist v ∈ V ψ for which v(α d + ψ(v)) = −2w(ρ). Assume further that w(ρ) > ( 1 2 , . . . , 1 2 ). Then v(α d + ψ(v)) must be smaller than (−1, −1, . . . , −1), which means that v(α d + ψ(v)) = v(ψ(v)) = 2v(v). Now, since v is an element in V ψ , the value 2v(v) modulo 2 must belong to I \ {0, d}. Since 2w(ρ) = −2v(v), the class of 2w(ρ) modulo 2 belongs to I \ {0, d} too. Hence, there is no common quadratic 1-fold factor ρ of all the forms in {ϕ d : d ∈ I \ {0}} with w(ρ) > ( 1 2 , . . . , 1 2 ), because the classes modulo 2 of 2w(ρ) for the different ϕ d disagree.
Theorem 7.5. The forms {ϕ d : d ∈ I \ {0}}∪{φ} do not have a common quadratic 1-fold Pfister factor over F, and therefore not over F 0 either. Thus I n q F is not 2 n -linked.
Proof. By the previous lemma, all the common quadratic 1-fold Pfister factor ρ of the forms in {ϕ d : d ∈ I \ {0}} must have w(ρ) ( 1 2 , . . . , 1 2 ). On the other hand, w(φ) = (1, 1 2 , . . . , 1 2 ) > ( 1 2 , . . . , 1 2 ), so ρ cannot be a factor of φ. Corollary 7.6. The quaternion algebras
) are neither separably nor inseparably linked.
Proof. They are not separably linked by the previous theorem, and they are not inseparably linked by [5] .
Triple Linkage of Symbol p-Algebras
In [4] it was proven that if two symbol p-algebras of degree p over a field F of char(F) = p are inseparably linked then they are also cyclically linked. Here we prove that the same holds for three algebras, under the assumption that F is p-special, i.e. has no finite field extensions of degree prime to p. Theorem 8.1. Given a prime integer p and a p-special field F of char(F) = p, if three symbol p-algebras of degree p over F are inseparably linked then they become cyclically linked under a prime-to-p extension of F of degree at most 2p − 1.
Proof. The algebras are inseparably linked, so they can be written as A 1 = [α 1 , β) p,F , A 2 = [α 2 , β) p,F and A 3 = [α 3 , β) p,F . We can suppose that [A 1 ], [A 2 ], [A 3 ] is a subgroup of p Br(F) of order p 3 , because otherwise it is enough to stress that two of them are cyclically linked (which is true by [4] ) and the third shares the same cyclic field extension of F share by the first two. This means that α 1 , α 2 , α 3 ℘(F) = {λ p −λ : λ ∈ F} and in particular they are nonzero. Moreover, α 2 F p α 1 , and so ( α 1 α 2 ) p−1 1.
The algebras [α −1 , β 1 ) p,F , [α −1 , β 2 ) p,F and [α −1 , β 3 ) p,F over F = k((α))((β 1 ))((β 2 ))((β 3 )) (or over F 0 = k(α, β 1 , β 2 , β 3 )) are pair-wise not inseparably linked by the same argument as in [4, Example 4.2] . When p = 2, these algebras remain pair-wise inseparably nonlinked under any odd field extension of F, because for each pair the associated invariant Σ is β i , β j , α]] which remains non-hyperbolic under any odd degree extension. Corollary 8.3. If (ϕ 1 , ϕ 2 , ϕ 3 ) ∈ PF 2,2,2 (F) is of essential dimension 2, then the forms are either separably linked or become separably linked over a degree 3 extension of F.
Proof. By Proposition 5.5 they are either separably linked or inseparably linked, and if they are separably linked then they are either separably linked or become separably linked over a degree 3 extension of F. Remark 8.4. As a result, if F is an odd closed C 2 -field of char(F) = 2, such as the odd closure of k(α, β) or k((α))((β)) where k is algebraically closed, then every three quaternion algebras over F are separably linked.
